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Abstract 

We investigate systematically the asymptotic dynamics and symmetries of all three-dimensional 
extended AdS supergravity models. First, starting from the Chern-Simons formulation, we show 
explicitly that the (super) anti-de Sitter boundary conditions imply that the asymptotic symme- 
try algebra is the extended superconformal algebra with quadratic nonlinearies in the currents. 
We then derive the super-Liouville action by solving the Chern-Simons theory and obtain a real- 
ization of the superconformal algebras in terms of super-Liouville fields. Finally, we discuss the 
possible periodic conditions that can be imposed on the generators of the algebra and generalize 
the spectral flow analysed previously in the context of the A-extcnded linear superconformal al- 
gebras with iV < 4. The (2 + l)-AdS/2-CFT correspondence sheds a new light on the properties 
of the nonlinear superconformal algebras. It also provides a general and natural interpretation 
of the spectral flow. 



1 Introduction 

The connection between diffeomorphisni-invariant theories in D + 1 dimensions and conformal field 
theories in D dimensions is a fascinating subject [Q, ^, y, ^. One of the simplest contexts in which 
it has been studied is the case of 2 + 1 dimensions, for which it has been proved more than ten years 
ago that pure Chern-Simons theory pj on a manifold with boundary induces the Wess-Zumino- 
Witten model |^] on the boundary iQi Hj ^ • This context is also particularly rich since the conformal 
group on the boundary is infinite-dimensional. 

As it has been realized, the detailed correspondence between D + 1 and D dimensions strongly 
depends on the precise form of the boundary conditions. So, while one gets the WZW model with 
the natural boundary conditions of fs], ^j, one gets different theories if one adopts other boundary 
conditions. This feature is relevant to 2 + 1 gravity with a negative cosmological constant ("AdS 
gravity in 2 + 1 dimensions"), which may be viewed as a Chern-Simons theory with gauge group 
5(9(2, 2) at least as far as the equations of motion are concerned. pH, O]. It has been shown in |12| 



that the anti-de Sitter asymptotics ||I^ lead to the Liouville theory at infinity (up to zero modes). 
In terms of the CS/WZW correspondence, one may undertand this result as due to the fact that 
the AdS asymptotic conditions are stronger than the boundary conditions of |Q, ^ and enforce the 
Hamiltonian reduction from 5L(2, i?)-WZW to Liouville theory [g, |l|, ^ |l^. 



The purpose of this paper is to extend the analysis to the supersymmetric case. A first step in 
this direction was taken in ||l^, |l9[, where the case A^ = 1 was considered and shown to lead either 
to the Ramond or Neveu-Schwarz superalgebras at infinity, depending on the periodicity conditions 
on the gravitino field. The extended models were not treated in detail. This is done here. 

After a brief review of AdS supergravity (section 2), we provide asymptotic conditions on all 
the fields. These conditions are geometrically motivated and chosen to enforce AdS asymptotics. 
We then show that they automatically imply that the asymptotic super conformal algebras are the 



superconformal algebras with noii linearities in the currents discussed in ^^, ^, ^, ^, |2J, ^ 
(section 3). Furthermore, the (classical) Virasoro central charge is equal to 6k = 3i/2G for all 
models. The analysis is done by identifying in the (2 + l)-Chern-Simons formulation the generators 
of the asymptotic symmetries as appropriate surface terms at infinity and then computing their 
algebra. In sections 4 and 5, we give a dynamical explanation of the origin of these symmetries 
by relating explicitly the extended supergravity actions to the extended super-Liouville ones. A 
few fine points (e.g., implementation of the reduction constraints inside the action) are carefully 
analysed. Finally, in section 6, we discuss the "spectral flow" [|2^. Different "moddings" for the 
generators of the superconformal algebras can be adopted, leading to apparently different algebras. 
However, some of these algebras are in fact related by the so-called spectral flow introduced in 
for the linear superconformal algebras. We close our paper with a concluding section, followed by 
an appendix, in which we discuss the role of zero modes and holonomies in the Liouville model 
arising from 2 + 1 gravity and their relation to the sign of the Liouville potential. 

The interest of extended AdS supergravity models in the context of the AdS/CFT correspon- 
dence is at least threefold: 



1. First, the treatment sheds a new light on the properties of the nonlinear algebras of |20|, 21, 



22, 23, p3, 25]. In particular, it provides a physical explanation for the relation between the 



superconformal algebras and superalgebras found algebraically in [El, 24, 25]. The supercon- 
formal algebra is the boundary symmetry of an AdS supergravity theory in the Chern-Simons 
formulation with the super algebra as a gauge group. 

2. Second, one automatically gets explicit realizations of these superconformal algebras in terms 
of Liouville fields. 

3. Third, the spectral flow gets a general and natural interpretation in the Chern-Simons frame- 
work. 



J) r^H? ir'Ai 



Some of the results reported here are imphcitly contained in the hterature (see e.g. ||2^ 
|30[). However, no systematic and complete treatment is to our knowledge available. In view of the 
recent interest in the AdS/CFT correspondence, we feel that such a treatment can be useful. 



2 Extended AdS Supergravities in Three Dimensions 

2.1 Superalgebras 

As shown in [^], supergravity in 2 + 1 dimensions can be formulated as a pure Chern-Simons 
theory based on an appropriate supergroup. The dreibein, the gravitini and the gauge fields can 
be combined in a super Chern-Simons connection. We denote the superalgebra by G=Gq©Gy, 
where Gq is the even part of the superalgebra and G- the odd part. Since we wish to describe 
AdSs space-time, the even subalgebra Gq must contain s/(2; R) and be of the form Gq = s/(2; R) © 
G. Furthermore, the fermionic generators must transform as s/(2; i?)-spinors. The dimension 
of the "internal" algebra G is denoted D = dimG and p is the real, not necessarily irreducible 
representation of G (of dimension d = dim p) in which the fermionic generators transform. 
These conditions are realized in only seven cases pl|, E2|, |33] , which are the following 



G 


G 


P 


D 


Osp(N|2;R) 


so(N) 


N 


N(N-l)/2 


SU(l,l|N)jv^2 


su(N)-hu(l) 


N+N 


N2 


SU(1,1|2)/U(1) 


su(2) 


2+2 


3 


Osp(4*|2M) 


su(2)-Fusp(2M) 


(2M,2) 


M(2M+l)+3 


Di(2,l;a) 


su(2)-hsu(2) 


(2,2) 


6 


G(3) 


G2 


7 


14 


F(4) 


spin(7) 


8s 


21 



In fact, this is also the list of superalgebras which can be associated with 2-diniensional super- 



conformal algebras with quadratic non-linearities |23, 24, p^]. This is not an accident since, as we 
shall see, the two are related by the AdS/CFT correspondence. 



2.2 Conventions 



A",A^ 



We follow ||2^ (see also [0]). We denote the basis of the representation p as A" = (A*^)^, 
f X'^, and take the structure constants / to be totally antisymmetric. The Killing metric for 
G is g""^ = —^o-cdjbco! _ _(j^^ab ■^y];jgpg (j^ jg i\^q eigenvalue of the second Casimir in the adjoint 
vrepresentation of G. 

We also denote by Cp the eigenvalue of the second Casimir in the representation p: 

X'^X- = -Cpl, tr{X^X') = -^Cp5-' = ^^9"'- 

The representation p is orthogonal and admits a G-invariant symmetric metric rj°'^ = rj^"', with 
inverse t/q,^, which we will use to lower and raise the supersymmetry (Greek) indices. One has 
rj^^rj/^^ = 61, (A<^)°^ = (A<^)°7?t^ = - (A*^)^", and also (A"A^)"^ = (a^A'^)'^". 



The superalgebra generators and commutators are: 



Gq generators : The sl(2;R) generators t° (a = 3, +, — ) are equal to ^cr^, a^ ,a , and satisfy 
the commutation relations: 






±a 



± 



The Killing metric for sl(2;R) is: 



[a+,a-] =2(^.3 



2 



(2.1) 
(2.2) 



,a6 



4 



v° " V 



and in its 2-representation, Tr(t"t j = -^h" 



The G generators are denoted T" (a = 1...D), and satisfy: 



rpa rpb rabcrpc 



(2.3) 



These commute with all sl(2;R) generators. 



Gj generators : These are denoted by R {a = l...d). Their commutators with the sl(2;R) 
generators are: 

(2.4) 
(2.5) 
(2.6) 



1^3 r>±a 


= ±^^^" 


[a±,/?±" 


= 


[a^,R^" 


= i?±°. 



Their commutators with the G generators are: 



[r",i?±"] =-{x%R^^ 



(2.7) 



The anticommutators of the fermion generators are: 






,"/3 I ifj3\ ^ d 1 af^^a 



2Cn 



(2.8) 
(2.9) 



The Jacobi identity for three fermion generators yields an identity involving the representation 
matrices, and is: 



Co 



{X'f^ (A")^ + (A")"^ (A'^)^ = -^ (2r/"^<5j - r/^^jf - r/^^5f ) 



(2.10) 



It is fulfilled for all supergroups listed above. 



The given superalgebras all admit a consistent, invariant, super symmetric and nondegenerate 
bilinear form which we denote by STr and which is defined by 



STr (ft^^ = -h"'' ; STr{R-'^R+'^) = -STr{R+'^R-f^) = <^ ; STr{T''T 



arrb\ _ ^^P xab 

' d- 1 

(2.11) 



2.3 Action 

Using these conventions, we can parametrize a general element in G by: 

r = Ia^— + A+a+ + A-a- J + (S"T") + (^+„i?+" + V'-a^"") ^A + B + ^ (2.12) 

where A = A^^+A+a^+A'a' , B = B^T" , ^ = ^+„i?+"+V'-a-R"°. Here A^, A+ , A'^B" 

are commuting parameters and ip^aji^-a anti-commuting Grassman parameters. 

The action describing supergravity in AdSs space-time is a difference of two Chern-Simons 
actions |lO| , 

5[r,f] = 5c5[r]-5c75[f] (2.13) 

where T,T G G are superalgebra valued super-connections. We assume for simplicity that T and 
r take values in the same superalgebra, although this is not necessary. This choice leads to a 
non-chiral model in two dimensions to which the results of sections 4 and 5 apply. Sqs is the super 
Chern-Simons action, defined by: 

Scs[T] = ^[ STrfrAdT+lrATAT] (2.14) 

The integration is over M - a 3-manifold, with topology D x?Si and k is related to the 3-dimensional 
Newton constant G through k = i/AG where ^ is the anti-de Sitter radius. Furthermore, the 
product of two fermions in this formula (as well as in ( B.lOj ) below but in no other formula) differs 



by a factor i from the standard Grassmann product fulfilling {ah)* = b*a* (e.g., ( p. 14 ) contains 
i ( A; /47r )-(/;-(_ Q, A difj^p STr{R^"'R^^) in terms of the standard Grassmann product). 



Writing the super-connection in component form and identifying the s/2 components with the 
dreibeins and the connections: 



At 
I? 



^f + \et 






(2.15) 
(2.16) 



we find the supergravity action for a general superalgebra: 



S 



r,r 



^j/-{\eR+Y- + 



__^^^.,fc (b-q^bi + ^-r^-Bt&;Bi 



-e 



ijk al3 a 



V'^'et fe], t'' m^ - V', t" V'fe J } (2.17) 



where the square brackets stand for two-component s/2-spinors and where the operators P^^ and 



P'"'^ are respectively defined by 









2(r]^Pd, + {XT''B^)6^J'ip+ 



"'^fi^l 



-V'"^ Uio] 






^u,^btj%-u,-^b%J\^ 



2 [rf^d^ + (A«)"'^ B^] b%J^.^ 



b%J%-rb^^J\^ 



-rUJp^_J^_^-U^-b%J\;) 



(2.18) 



(2.19) 



(From here on we work in units of £ = 1, unless otherwise stated). 



3 Asymptotic Symmetries - Extended superconformal algebras 



3.1 Boundary conditions 



The ground state of AdS supergravity is anti-de Sitter space with vanishing gravitini and gauge 
fields. AdSs is the solution with the maximum number of isometries, namely 3-1-3 = 6 (3 per chiral 



sector). It is also invariant under constant G © G-transforniations {D + D tansformations) as well 
as under 2d + 2d rigid supersymmetries. The corresponding Killing spinors are explicitly given in 



|1^. In short, AdSs is invariant under the superalgebra G ® G. 



Besides AdSs, there are other solutions, which differ from AdSa in their global properties |35|. 
The black-hole solution |3(;] is an important example and can be obtained from AdSs through 



appropriate identifications |37]. The boundary conditions to be imposed on the fields at infinity 
should allow for these physically interesting solutions. 

It was shown in [^] that the appropriate conditions in the sl{2; i?)-sector are, for r — > oo, 

A ~ {i^^^a+ + ra-}dx+ + Odx- + |i^Lr (3.1) 

A ~ \ — ^ I ' ^ V ~ + rcr+ i dx- + Odx+ + \ — ^[dr (3.2) 

where we have switched to chiral coordinates: x = t^iO and where L and L are arbitrary functions 
of 6 and t. The factors of 27r are introduced for later convenience. (The asymptotic conditions were 



actually expressed in terms of the metric in [13| but are easily verified to be equivalent to those 
written here in terms of the connection). 

In order to obtain the asymptotic boundary conditions for all components of the two supercon- 



nections, we follow the general scheme introduced in ||38| , !£]. Namely, we take a generic configura- 
tion having the above asymptotic behaviour with vanishing gravitini and gauge fields and act on 
it with the exact symmetries of AdSs. In doing so, one generates new terms (since we start with 
configurations which are not AdSs) which typically behave as 

L r k y r k Kb } 

+Odx' 

r k yjr k Kb 



where L{e, t), Q+a [0, t), B"^ {9, t) and L{0, t), Q_a {9, t), B" {0, t) are functions of 0, t {Q, Q Grass- 
manian), so we shall adopt ( p.3| ) and ( |3.4[ ) with arbitrary L, L, Q, Q, i? and B as boundary 
conditions. Here, we have scaled the terms proportional to B"^ and S" with 

kB = k^ (3.5) 

for later convenience. 

3.2 Asymptotic Symmetries 

The boundary conditions at spatial infinity give us the asymptotic form of the superconnections. 
We work out in this subsection the gauge transformations that preserve the asymptotic form of the 
superconnections ("asymptotic symmetries"). In what follows, we focus only on the superconnection 
r. The treatment for F is analogous and eventually gives another copy of the superconformal algebra 
for the other chirality. 

It is convenient to factor out the r dependence by performing a gauge transformation and to 
work with the equivalent connection Aj defined by 

Ai = bdib-^ + bVib-^ (3.6) 

where b is a similarity transformation depending only on r: 

" .3 



b{r) = exp 



— Inr 
2 



(3.7) 



The components of Aj vanish asymptotically, except A„ (n = x"*"), given by 



^A„ ^ ±.r„r. ^ (^.^ . ±.-) . (gr-) . (%^«- ) . (3i 



10 



Two things should be mentioned about the asymptotic form of A^. First, there is no a^ component 
and the term proportional to cr~ is fixed to be one. Second, the fermion part of the superconnection 
contains no i?^" components. These conditions turn out to be crucial for obtaining the supercon- 
formal algebra. Note that there is a similar "chirality condition" on the fermions in 4 (or higher) 
dimensions [38|. 

Acting on the superconnection with an infinitesimal gauge transformation: 
/ ^3 \ 



A = x' Y + X+^+ + X-'T- + KT'^) + (e+ai?+° + e-aR-'') 



(3.9) 



we get: 



SAu = duA+[Au,A] 
2ttL 



+ 
+ 
+ 
+ 
+ 



dx 



k 
2ttL 



irj 



afl^vrQH 



k 



a \ -^ 3 

^-/3 ) 2^ 



k 



^3 + ,^.;3 2vrQ+.^^ 



dx +x^]<y 



dujc + f 



abc 



2-kB'' 



-LO + l- 



k 



d-l 



(A- 



a/3 2vrQ_ 



c\a/3 



de+/3 + — — e 



ks 2Cn k 

{XTb^-I^^^B'^-X 



56_^ + e+^-(A'^)^e. 



p 

■E 

2^3"- _ 2ttQ+3 



e-/3 ) T^ 



(3.10) 






k J 



ks 



X 



k 



R 



'/3 



(3.11) 



In order to preserve the asymptotic form of the superconnection, the parameters of the gauge 
transformation A are required to fulfill some relations. These relations are easily displayed by 
taking as independent parameters x = X~ ^ ^a = e-ai and uj"". The relations in question are then 
just expressions for the other parameters. 



X 
X+ 
e+a 



-X 



2-itL 



X , 






-^a + X T — + (A )^e/3- 



ks 



(3.12) 
(3.13) 
(3.14) 



11 



where the prime denotes derivative with respect to the argument. The transformations with pa- 
rameters subject to (3.12), ( |3.13| ) and ( p. 14 ) are the asymptotic symmetries. 



3.3 Superconformal Algebra 

In order to exhibit the algebra of the asymptotic symmetry transformations, we shall work out the 
Poisson bracket algebra of their generators. To that end, we first need to identify these generators. 
This is done by following the Regge-Teitelboim method |3£]. The gauge transformations of the 



Chern-Simons theory with parameters A = (x^,x , w",e±a) are generated in the equal-time 
Poisson bracket by the spatial integral G[A] = J (PxA Qa + Soo, where (i) the Qa are the Chern- 
Simons constraints, equal to minus the factor of the temporal components of the superconnection 
in the action; and (ii) 5*00 is a boundary term at infinity chosen such that the variation 5G[A] of the 
generator G[A] contains only undifferentiated field variations under the given boundary conditions 
|l39|| ("G[A] has well-defined functional derivatives"). If one follows this procedure, one gets (up to 
the bulk term that vanishes on-shell), 



Gl[x] = Jdex{o)L{e) (3.15) 

Gb[uj] = j de uj°'{e)B''{e) (3.16) 

GQ[e] = j derPiea,{e)Q+p{e). (3.17) 

Thus, we see that L, Q+q and B"^ are precisely the generators of the asymptotic symmetries. There 
is no factor in (3.15), ( 3.16| ) or ( p. 17 ) because we included the appropriate factors in the definitions 



of L, Q+ct and B"^. 

Once the generators have been identified, one computes their Poisson bracket algebra by using 
the relationship S^F = {G[A],F}pb , valid for any phase-space function, and working out 5L, 
SQ^a and 5B'^ directly from the formulas of the previous subsections. 

Under the asymptotic AdS subgroup, the transformation laws for the L, Q's and B's are given 

12 



by: 



5L 



'27r 2 



+ 



ixL)' + x'L 



IT] 



a/3 



{Q+a^(i) + Q+a^R 



1^ (A'^)"'^ Q+^B-ep 
Kb 



(3.18) 



<^Q- 



-— e" + 

27r "^ 



(X<5+a)' + IpiQ+a 



+ Lec,+ 



+ {\X^[{^pB-)' + e'pB^ 



+ 



+ {X'^t ^"Q+/3 - ^X (A");^ Q+pB'^ - 2n-^ { A«, A^}^ e.B'^B 



k 
2fc2 



j^'^ = ^u;^' + f'^bc^b^c^-kBd_J^^^a^af^ 



2tt 
The formula 5aF = {G[A\,F}pb gives then 

k 

1 



/C ^C/rt 



(A'^)"'^Q+„e/, 



(3.19) 
(3.20) 






{L(^),L(^')} 

i{Q+„(0),Q+^(eO}pB = -gvapS"{d-9')-{x-)^pj^6'{e-e')[B-{e) + B- 

k 



me) + L{e')) 6'{e - e') 



(3.21) 



(^0] 



[B''{e),B\e')] 
{L{e),Q+^{e')] 



PB 



PB 



+ vapL{e)6{e - e') - 2^^^ { a", a^}^^ B'^{e)B\e)5{e 



-—d^H'ie - e') + /"^^(5(^ - e')B\e) 

2tt 



Q+„ {9) + -Q+a {0') 



6' {e - e') 



{B'^{e),Que')]pB 
{L{e),B'^{e')}p^ 



{xXQ+piem-e') 







(3.22) 
(3.23) 

(3.24) 
(3.25) 
(3.26) 



As defined, the generator L does not act on the Kac-Moody currents B"^. To get exactly 
the superconformal algebra in standard form, we must add to L the Sugawara energy-momentum 
operator for the i?", given classically by LsuG = 2F~^"^"' Thus, redefining L by adding to it 
LsuG- 



L = L + LsuG = L + 



27r 
2k^' 



-B^B" 



(3.27) 
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and rescaling Q: Q+q = \/2(5+q,, the Poisson bracket algebra becomes 






PB = ^5"'{6-9')-(L{e) + L{e'))6'{e-e') 



(3.28) 



PB 



''vapS"{9 -6') -2 {Xn^^ ^^'(0 - 6') [B\e) + B^O')] 



TT 



+ 2r]^pL{e)6ie - e') 



2Trk 



d-1 



2C„ 



2Cn 



{^°'^'}„.+f^''-*°' 



xB^{e)B^{e)6{e-e' 

k 2C, 



PB 



PB 



2-Kd-l 



1 



Q+a (0) + -Q+a 



{B"" (6) , B\9')} 

{L{9),Q+a{0')} 

{B^e),Q+a{9')}^^ = (xXQ+msie 

[1(6), B" {9')}^^ = -B^{9)5'{e 



^ 6''H'{9 - e') + P^^5{9 - 9')B%e) 



5' {9 - 9') 



PB 

The Fourier mode form of this algebra is given, in quantum-mechanical notations, byQ 
- - ^ k 

[Lrn, Ln] = {m — n)Lm+n + -fn Sm+n,0 

7 -I 

{(q+„)^,(q+;3)J = 27?,^L^+„-2i^— (m-n)(A'^)„^(i?X+n 



(3.29) 

(3.30) 
(3.31) 
(3.32) 
(3.33) 



(3.34) 



+ 2kr]ai3'm 6m+n,0 + 



d-1 



{a",a'}_ 



2Cp 1^ 

+ TValBO 



Tja Tjb 

^mi \Q+a\ 
^m: [Q+a J 
Lim, B^ 



eabc zyc 



^(^ pfv 



/3 d-l 

\ / m+n ^ \ / 



(b'^b^) 

V / m+n 



m+n 



"-^m+n 



(3.35) 
(3.36) 
(3.37) 
(3.38) 



^We set A{9) = 2^^„^ne™ for any operator A{6) and use the correspondence {,}pg ~ — *[, ] (where [, ] is 
the commutator) for any pair of operators, except when both are fermionic in which case one has {, }pg ~ — * {, } 
( ant icommut at or ) . 
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Here, by (b^'B'') , we mean B''{e)B^{e) = {^) J2n (b^'B'') e™^. These are the non-Hnear 

V / m+n X-^''^ / \ / n 



superconformal algebras of |2C, 21, ^, ^, 25], up to a constant shift of Lq- The Virasoro central 
charge is equal to 6k for all models. It should be stressed, however, that we obtained the classical 
version of the algebra, where quantum effects of normal ordering are missing. Such effects modify 
the value of the coefficients in the algebra. 

Thus, we have established that the boundary conditions of asymptotic AdS on T lead to an 
asymptotically superconformal symmetry algebra of the type discussed in |2C, ^, 22, 23] and with 
classical Virasoro central charge equal to 6k. Repeating this treatment for T leads to another copy 
of the same superconformal algebra for the other chirality. 

The above treatment gives a physical explanation for the relation between the superconformal 



algebras and superalgebras found algebraically in |23| , 24, |25|. The superconformal algebra is the 
boundary symmetry of an AdS supergravity theory in the Chern-Simons formulation with the 
superalgebra as a gauge group. 

4 Deriving the super-Liouville action from AdS supergravity 

4.1 Super- WZW model 

Because 3-dimensional supergravity possesses the superconformal algebra as asymptotic symmetry 
algebra, the dynamical theory describing its boundary degrees of freedom at infinity is expected to 
be superconformal. We show in this section that this is indeed the case and that the dynamical 



theory in question is (extended) super-Liouville theory. The procedure follows the approach of ]12] 
for gravity and we shall thus describe here the main lines, emphasizing only the fine points (for 
related information concerning the relation between AdSs-giavity and Liouville theory, see ]pO|, Ell). 



The boundary conditions ( |3.3D and (3.4) on the superconnections T and F can be separated into 
two subsets: 
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1. First, the u-components Ty (v = x ) and the u-components F^ of the superconnections along 
all the generators of the superalgebra are zero, 

F„ = 0, f, = (4.1) 

2. Second, some of the u-components F^ and the v-components F^ are constrained. More pre- 
cisely, in terms of the redefined superconnections Aj, one has 

A- = l, Al = 0, A,,_« = 0; A+ = l, A^ = 0, A,,+„ = 0. (4.2) 

It turns out that the analysis proceeds in much the same way if the currents A~ and A^ 
are fixed to arbitrary non-vanishing values. So, we shall relax A^ and A^ from their anti-de 
Sitter values and consider the more general conditions 

A- = fx, A3=0, A„,_, = 0; At = u, A^ = 0, A,,+, = 0. (4.3) 



We shall first take care of the conditions (4.1). 

It has been shown in |^ ^ that pure Chern-Simons theory on a manifold with a boundary is 

equivalent to a chiral WZW theory living on that boundary under conditions analogous to (W^ (the 

analysis of [^, ^ is straightforwardly adapted to cover the boundary conditions ( [4. 1[ ) , see [^]). In 

the present case, one gets two G-super-WZW theories on the cylinder (i, 9) at infinity, of opposite 

chiralities since the boundary conditions on F and F are themselves of opposite parities. These 

two copies can be combined to yield the vector G-super-WZW theory coupled to zero modes whose 

explicit form depends on the topology of the manifoldQ 

''As a rule, we shall not write explicitly the zero mode terms in this section, so the action given below describes 

only part of the dynamics. This is sufficient for exhibiting the dynamical origin of the superconformal algebra at 

infinity. Note that the zero modes contain in particular holonomy terms, which are not zero even for the anti-de Sitter 

ground state since we are using the spinor representation of sh |t9|- A discussion on how to include the holonomies 

is given in the appendix. 
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Using the Gauss decomposition for a general supergroup element, 

g = E+E°E- (4.4) 

where 

E+ = exp(xa+ + V+a-R+") =exp(xc7+)exp(V'+ai?+") (4.5) 

E° = exp{ipa^ + C'^T") = exp((^a3) exp(C"*T'^) (4.6) 

E~ = exp(ycr"+^_oi?"") =exp(ya")exp(V'-ai2"") (4.7) 

as well as the Polyakov-Wiegmann identity |4^ for super matrices, one gets the WZW action 

Swsw^g^ = ^ fdx+dx-{d+ipd-^ 
zvr J 

d+y - iip-a—d+ip-fs 1 I d-x - iij+a-^d-ij+p J 

on 

- ie-'P^.i;+^u''''^+^l^.fs}-—-—WZW[u] (4.8) 

where u = exp[C"^A"] and where WZW[u] is the standard WZW action for u: 

WZW[u] = — j dx+dx-Tr{d^uu-^d+uu-^)+T[u] (4.9) 

with T[u] the WZW term. 

More precisely, one gets ( [4.^ ) in Hamiltonian form, i.e., 

s'S^'^i^, X, y, u, ^+«, V'-a, n^, n,, Hj,, n,, n-", n+"] 

= / dx+dx- [U^if + d-xU^ + d+yUy + d+ip^/sW^ + a_ V+/3n+^ 

on 

W^ZVF^[u]. (4.10) 



d(d-l 
were we introduced the notations 

'27r„ IT 



$+^ = e^ ( =^n_/3 - ■^n^.V'-/?] (n-^)^ (= 5_V^+„ on-shell) (4.11) 

$-a = e'^f-— n+^ + -n^V+/3Ju^ (= a+V'-a on-shell) (4.12) 
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Indeed, the chiral actions are in first-order form, and one goes from the sum of the chiral actions 
to ([4.10) by making a change of phase space variables [12, 43]. 



If one ehminates the conjugate momenta from ( [4.1Cl|) by using their own equations of motion, 
one gets (^]^). The relationship between the conjugate momenta and the temporal derivatives of 
the fields is explicitly given by (recall that x^ = t it 0, so that 2d± = dt^dg and dx^dx" = 2dtd6) 

n^ = ^V^ (4.13) 

n.. = ^e-2'^fa+y-#_„^9+V-/3J (4.14) 

n, = Ae-2c^[a_x-iV'+„^9_V'+^) (4.15) 



2tt \ "^" 2 



and 



n-" - ^^ 



n- 



^[^e""^ (d+y - i^P-,^^+^p^ V'+.r?"^ 

-e-'^n^"a+V_„], (4.16) 



^[^e-^'^ ( d.x - i^+^^d-^j+s 1 i^-aV' 

f3a 



— [-e-2^ (d.x - iV'+T— ^ ^'' - ^ ''' -"^ 
2tt 2 \ 2 



+e" 



(n-i) "^.^l^U (4.17) 



4.2 Kac-Moody currents 

As it is well known , the super WZW action has two sets ("left" and "right") of conserved currents, 
each set forming a super Kac-Moody algebra. With appropriate normalizations, the currents for the 
two chiralities can be taken to be -^dj^gg'"^ and —2^9^^d-g and we define the current components 
by 

^d+gg-' = a'G' = U'^ + J+a+ + J'aA + (^B'^tA + (F+,i?+" + F.^R-") (4.18) 
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,o- 



d-1 



2tt 



g-^d-g = a^G^ = J^— + J+a+ + J-a" + -^r^:^B''T'' + ( F+«i?+" + F.aR'"") (4.19) 



2C, 



where a^ ,a^ are generically the components of the currents and G^ the representation matrices 
of the superalgebra. The super K-M Poisson algebra (with {q,p} = 1) between any two current 
components is then: 



{a^{d),a''{e')} = g^'^^a^{e)6{e -6') + ^ /i" 5' {6 - 9') 

zvr 

{a^{e),a-\e')} = g^J^a^{e)6{e -e')- — /i" 6'{e - e') 

2lT 



where 



I riJ — fIJKriK 



G\G' =/^-'^G^, STr[G'G']=g 



Ir^J\ IJ 



(4.20) 

(4.21) 

(4.22) 



odd generators. We have also defined h to be the inverse matrix to 5 , h g" 



and the commutator of two superalgebra generators is understood as an anti-commutator for two 

UK _ rLMNj^ILj^JM NK 

In terms of the fields, the currents for the two chiralities read explicitly: 



j3 = -d^^ + 2U^x - ^+"^^ 
vr 



J- = n. 



(4.23) 
(4.24) 



J^ 



+ - 



-n 

k 
2^ 

1 



dex + '- [%b+aV'"'dei^+p) - 2xd+ip - '- (d^uu-^Y (v^+,(A")"'3^^^) 






4! 2G, 



1 d-1 



ixry^^V+7 - ^,^Tn- (A'^)"" ^+7 {i^^XT^i^+p) 






(4.25) 

(4.26) 

(4.27) 
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F+„ = -e^ 



-ij.^T^-y^Uy + iU- 



k 



-n. 






-x^p 



i d — 1 
3! 2C. 



n.V^+5r?^^ + m+^ 



z i d — 1 



((A'^)'3^V'+7) (V'+.(A")i 



and for the other chirahty: 



r = d-if - 2Uyy + n-"V- 



J+ = -n„ 



(4.28) 

(4.29) 
(4.30) 



k 

+ 2^ 

1 



dey + ^ (V-ar?°^9,V-/3) + 2yd-^ - '- [u'^d^uy (v^_„(A")"^V-/3) 



y' + 



1 d-1 
4!^C7 



(^_„(A'')"^V-/3) {^P^^iXT'i^-5 



-Uyi'-p + «n "r/„/3 



1 d-l 



iyri^^i^-, - -,^^ in^'i^-, (i^-aiXT^i^-p) 



B" 



i5_u)%(n_„(A")"^V- 



2^d-l 



F+a = irial3^ ^ - -j^yi^- 



(4.31) 

(4.32) 
(4.33) 



F-a 



\ilj+W^ii^ + ^n+^ 



Upc 



+ 



k_ 

2^ 

1, 



dei^-a + 5_(^^_„ + (u-i9_tx)" {il,.p (A'^)f^) 

-yV'-a - ^^ (V'-,(A")^^^_^) (^_5(A- 



-nj.V-^r/'"^ + in- 



[{X^f^^l^-,) {i^-siX'^t 



(4.34) 



4.3 Gauged theory 



The variational principle that fohows from 2 + 1 supergravity is in fact not ( [4.10D , but rather, ( 4.10 ) 
supplemented by the constraints ([4.3|) since the only competing histories occuring in the variational 
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principle of supergravity are required to fulfill ( |4.3| ). In terms of the currents, the constraints are 
simply 

J- = —fi , J+ = —u (4.35) 

2tt 2tt 

j3 = , j3 = (4.36) 

F_„ = , F+a = (4.37) 

(modulo holonomy terms discussed in the appendix). These are constraints on the canonical vari- 
ables (with dj-ip expressed in terms of n<^), which we collectively denote by Ga- Thus, the action 
for the theory is 

s[ip, X, y, u, V'+a, V'-a, n^, n^., n^, n„, n-°, n+°, e^] 

= Swzw _ J dx+dx'^'^GA (4.38) 

where ^ are Lagrange multipliers implementing the constraints. 

It follows from the algebra of the currents that the constraints Ga = are second class; one 
may split them into two subsets, Ga = i4>i,Xi)i i^i such a way that the (pi^s are first class among 
themselves and generate therefore a gauge symmetry, while the Xi's can be viewed as gauge con- 
ditions for the symmetry generated by the (/)j's (for information on constrained systems, see [p4| ). 
For instance, one may take for (pi the constraints J~ — 2:^fj, = 0, J~^ — 2:^v = and the positive 
frequency part of the fermionic constraints [H^] . The action ( [4.38| ) is thus the (gauge-fixed version 
of the) action for the gauged WZW model, in which one has gauged the subsupergroup generated 
by the first class constraints. 

As it is well known, this model is equivalent to super-Liouville theory (see [14, 15, 16 1 for the 



bosonic case, and |45, 46, 47] for some of the fermionic cases). This is demonstrated in the next 



subsection for all extended models. 
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4.4 Super-Liouville action 

The constraints Ga = enable one to eliminate n^^, 11^, IT"", 11"^", j;, y from the action. [As demon- 
strated by Lagrange himself, solving the constraints inside the action or taking them into account 
with the help of (Lagrange) multipliers are two equivalent procedures]. When doing so, one gets a 
reduced action S^ which depends on the remaining variables, i.e., 99, u, V'+o, V'-q) I^i^, n„ and which 
is precisely the super-Liouville action. 
Indeed, the constraints imply 

n, = — //, Ily = -—u, (4.39) 

and 

n+/5 = -!^/"V+., n-/^ = i^r?'^"^.^ (4.40) 

47r 47r 

When substituting this inside ( ^.38| ), one gets, dropping a total derivative and integrating over the 
remaining momenta ■K^p and H^, 

SsL = ^ dxUx~\ +^ ^ ^ V ^^ ^ f^J 

2D 

-WZW{u) (4.41) 



d{d-l) 



which is just the super-Liouville action |45, 49| 



The values of /x, ly corresponding to the anti-de Sitter case are /i = 1 and v = \, leading to the 
action 

SsL = — dx+dx-l ^ ^ 

2D 

The sign in front of the exponential is not the one familiar from 2D gravity. This point is discussed 
more fully in the appendix. 
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5 Realization of superconformal generators in terms of Liouville 
fields 

5.1 Construction of generators 

The symmetries of the super-Liouville action can be understood in terms of the symmetries of the 
original, ungauged, WZW action. 

The super WZW model is conformal, the generators L,L being elements of the enveloping algebra 
of the current algebra defined by the Sugawara construction: 

The Poisson brackets of L^L with the currents, measuring their dimension are: 

{L{e), a\e')] = a\e)5'{e - e') (5.3) 

{L{e),a\e')] = z\e)5'{e - e') (5.4) 

The ungauged superWZW model is, however, not superconformal, in the sense that there are 
in general no superpartners to L,L that would close with them according to the superconformal 
algebra. What is remarkable is that once we gauge the superWZW, i.e., impose the first class 
constraints 

J- = |-//, F>„ = 0, -/+ = |^^, F>^ = ^, (5.5) 

(where > denotes the positive frequency part), we not only maintain conformal invariance but in fact 
gain superconformal invariance. Indeed, one can find polynomials in the Kac-Moody currents that 
(i) preserve the constraints; and (ii) close in the Poisson brackets according to the superconformal 
algebra modulo terms that vanish when ( ^.51) hold. 



23 



In the reduced theory obtained by strongly enforcing all the constraints (gauge constraints 
( |5.5| ) and gauge conditions J^ = 0, J^ = 0, F^^ = 0, F^a = 0) and using Dirac brackets, the 
superconformal algebra is preserved since the generators are "first-class" (=gauge-invariant) so 
that their Dirac and Poisson brackets coincide. 

We exemplify the procedure by constructing the superconformal generators Qa,Qa- In the 
actual construction, it is convenient to work in a "half-gauge-fixed" formulation in which F^^ = 0, 
F^^ = are imposed, so that the constraints are 

J- = ^^i. F^a = 0. (5.6) 

ZTT 

J+ = Az., F+, = 0. (5.7) 



One gets for Qc 



^Qo. ^ J-F^^ - '^F.^ + ^i?V" {\'')^p F., + ^deF^aie) (5.5 



and for Q^'- 



tJ' - ■''^-' + f ^« + '-ij^^''^' <^°'«^ ^^ - ^ 



— e„ s J+F_„ + — F+„ + -,-^B',f-' {\')^,, F+-, - x-*F+„(9) (5.9) 



'P 



The Poisson brackets of Qa,Qa with the constraints are: 



and 



{Qa{0),J-{0')-^f^} = o, {QUO),J+ie')-^u} = o (5.10) 

ZVr ZTT 



^{Q^{e),F^pie')} = ^r,^p5{e-9')deJ~{e) + \F^p{9)F^^{9)8{e-e') + 

zvr zvr z 

" ^ ^^")" ^^"^^ F.r{9)F.,{e)5{e - 9'), (5.11) 

^{g.(^),i^+/3(^')} = ^Vap5{e-9')deJ^{9)-\F^p{e)F+^{9)5{e-9') + 

- ^ (A'^):. (A'^)^ F^r{9)F^e{9)5{e - 9'), (5.12) 
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expressions that vanish on the constraint surface. Note that the dimension of Qa^Qa are the 
difference between the dimension as measured by the Sugawara tensor and the the s/(2, R) spin. 

The superconformal generators, as defined above, generate the superconformal algebra . Their 
Poisson brackets close on modified generators, all having (weakly) vanishing Poisson brackets with 
the constraints (the bracket of two first class functions is also first class) . In particular the modified 
Virasoro generators L^L which appear are 

^£ ^ -j-[e){L{e) - deJV2), ^L ^ -J+{e)(L{e) + deJ^m (5.13) 

Their Poisson brackets with the constraints are: 

{L(^),j-(0-^/i} = -j-{e)deJ-{e)5{e-e') (5.i4) 

zvr 

{L{e)J+{e')-^u} = j+{e)(deJ+{e))5{e-e') (5.15) 

{L{d),F^^{9')] = -h-{e)[F_^{e)5'{e-e')-deF^^{e)5{e-e')] (5.16) 
{L{e),F+^{e')] = -]^j^{e)[F+^{9)5'{e-e')-dehc.{e)5{e-d')\ (5.17) 

again vanishing on the manifold of the constraints. Similarly the modified Kac-Moody currents 
-^J^ie)B''{e) and -%J+{e)B''{e) appear. 

The algebraic structure obtained is indeed the extended superconformal algebra provided we 
ignore terms which vanish with the constraints and we consider as equivalent, generators which 
reduce to the same expression on the constraint surface. This is of course the standard procedure 
for constrained systems and it lies at the heart of the Hamiltonian formulation of BRST theory 



When all the constraints (first and second class) are imposed, the generator Qa reduces to F+q, 
and Qa reduces to -F_a, while the generators L and L reduce to — /xJ+ — -^B'^B"' and +uJ'' + 
-^B°'B'^ respectively. Therefore, one can also view the superconformal generators as the "first-class 
extensions" [44| of the Kac-Moody currents that are not constrained by the reduction. 
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5.2 Explicit expressions 

One can directly obtain the super confer mal generators in terms of the super-Liouville fields by 
plugging the constraints into the above expressions (p^), ( ^.13 ). 
On the constraint surface, the currents reduce to 

k 

J^ = -[d+if + fix] (5.18) 

TT 

J- = A/x (5.19) 

k 



+ deX + -V'+a??"^96)'0+/3 - 2xd+(p - fix 



+ ^ 



fid— 1 



(V^+,(A")-^V'+/3) {i^+^iXT'^^+s)] (5.20) 



8 2Cp 

F_„ = (5.22) 

k 

+ y^ (^+,(A'^)^^V+/3) (V'+5(A")i)] (5.23) 

P = [d^^-vy] (5.24) 

vr 

J+ = Ai. (5.25) 



J- = ^[-^e2^ + i/ie'^(V+an°^V'-/3) 



A 



^(u-ia_n)"(v^_«(A'')"^V'-/3) 



i/d-1 

8 2Cp 



(V^_„(A'^)-'3V;_^) (V'--,(A'^)^'^V^_,)] (5.26) 

5» = -A(|^(.-^a_.)%|^(^_„(AT^^_,)) (5.27) 
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F-a 



(5.28) 



— [/ie'^V+/3^a + <9eV'- 



+ d-^tp-a + {u-'d-uY (v^_^ (A'^)f) 



+ 



1^ {^-^i>^r'i^-p) {i^-siXn 



(5.29) 



If one inserts these expressions into ( p.SD and ( 5.13 ), one gets the following expressions for the 
superconformal generators: 



L 



k_ 
2^ 



-S« = - — 

27r 



^(5+nn-i)%|(v.+.(A'^)°^V+/3 



L 



+ 



k 

ilid — 1 



^[d+^+c. - d+^i^+a - {d+uu-'Y [^+p (Xn^^) 



3 2Cr, 



{i;+,{XT^i;^p) (^+5(A'^; 



k 
~2^ 
k 
2^ 

k 



Cr, 






^ (u ^d-u] (u ^d-u 



(V'-«(A'^)"^V'-/3) 



d-lV^ -' "7 ' 2 
iu d — 1 



3 2C7„ 



{i^.^{XT''i^-(^) {i^-sixn 



(5.30) 
(5.31) 

(5.32) 
(5.33) 
(5.34) 

(5.35) 
(5.36) 



where the time derivatives are expressed in terms of the canonical variables using the equations of 
motion. The Poisson brackets of the generators are those of the superconformal algebra. This can 
be directly verified from ( 5.30D , ( ^.31 ) and ( ^.32 ) using the Poisson brackets for the super-Liouville 
field components and their spacetime derivatives that follow from the equations of motion and the 
basic canonical brackets, but the property actually also holds if one regards the super-Liouville field 



as free. This fact is familiar from chiral quantization |43|. 

The realization of the Poisson bracket superconformal algebra in terms of the super-Liouville 
fields can also be used in order to construct realizations for the quantum superconformal algebras. 
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The classical expressions ( 5.30 ), (|5.31| ) and ( p.32| ) become the quantum generators, some of the 
coefficients getting corrections of order fi. The expressions with the correct normalizations appear 



in a paper by Bina and Giinaydin ||3^ 



5.3 Symmetry transformations 

One can work out the superconformal transformations of the fields by computing their Poisson 
brackets with the generators. For completeness, we list the infinitesimal symmetry transformations 
of all fields for the tilded chirality superconformal generators: 

1. Transformations induced by the improved Virasoro generator, parametrized by e = e{x~): 



(5.37) 
(5.38) 
(5.39) 
(5.40) 
(5.41) 

2. Transformations induced by the superconformal generators, parametrized by C^ = Ca{x~) : 





5ip 


= 


d-ipe -\ — d^e 




6lp+a 


= 


d-ip+ae 




5il-a 


= 


d-ip-ae + -ip^ad-e 




Su 


= 


d-ue 


5[u- 


-^d-u]'' 


= 


d-ieiu-^d-u]") 



6ip 

Slp+f3 
Stp-a 

6u 



\ {Qat^^-p) 






V 

d-l 

d-l 



{i:.,{xT^C^)ip.s{xni - hw^i^-p)^^- 



nT'^(V-a(A»)"\^) 

-d-ii^-aix-r^Cfs) + r''{4^-a{x'r''Ci3)[n-'d.ur 



(5.42) 
(5.43) 

(5.44) 
(5.45) 
(5.46) 
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where we used the Jacobi identity ( |2.10| ) for the A matrices. 

3. Transformations induced by the Kac-Moody generators, parametrized by w" = (j°(x" 



6^ = (5.47) 

Sip+a = (5.48) 

JV-a = c^"V-/3(A'^)(^ (5.49) 

6u = uw^'T^ (5.50) 

Siu-^d-u]" = d-Lo" - r'"'uj^[u^^d-u]'' (5.51) 

One can easily verify that the super-Liouville action is indeed invariant under these transfor- 
mations. 

A special situation occurs for the SU{1, 1\2)/U{1) ("small N = 4") case. Writing the fermions 
as 2 X 2 matrices, the super-Liouville action has an alternative SU{2) symmetry obtained by 
multiplication from the left of the fermionic matrix without involving the WZ action. This generates 
at the classical level an alternative A^ = 4 superconformal algebra. The quantum realization of this 



algebra was discussed in |45] and used recently in a physically interesting context in [50| 



6 Classification of extended conformal algebras and spectral fiow 

Realizing the superconformal algebras as boundary theories of Chern- Simons actions allows a uni- 
fied treatment of their classification following from different possible "moddings" of the generators. 
Some of these apparently different algebras are related by the so called "spectral flow " trans- 



formations [26|. This feature also gets a general and natural interpretation in the Chern-Simons 
framework . 



We follow closely [26]. Both aspects mentioned above are related to the behaviour of the 
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fermionic generators under the extended Kac-Moody symmetry. This behaviour, in turn, must 
be such that the action (2.17|) is single- valued. For convenience, we will denote in this section: 



■00 = V'+aj Co = V'-a- 

As discussed in the previous sections the physical Hilbert space is realized in terms of represen- 
tations of the boundary superconformal algebra. A given chiral representation is defined by h , the 
eigenvalue of the Lq Virasoro operator and a highest weight A of the Kac-Moody algebra. Pairing 
the left and right representations, we construct the physical Hilbert space. The highest weight A is 
measured by the holonomy Pexp{J iB^ dO) around the boundary of the disk. For a given holonomy 
exp{i27rX), where A = X.H, Hi being the generators in the Cartan subalgebra, regularity at the 
center of the disk ( "origin" ) requires the coupling of the Bq field to a source at the origin in the 
representation A Q; the action of the source is given by: 



f dtTr[Xuj-^{do + Bo)uj{t)] (6.1) 



Alternatively one can quantize the C-S theory on an annulus and require that the holonomies on 
the two boundaries are the same. The source at the center of the disk represents the zero- mode of 
the fields on the interior boundary. 

We start by discussing the possible boundary conditions on the fields in ( p.l7| ). This will provide 
us with the classification of the superconformal algebras living on the boundary. 

The topology of the AdS^ manifold is D x ^. Parametrizing D hy r,9 the fields could have 
nontrivial periodicity conditions as a function of 9 provided the lagrangian density remains strictly 
periodic (single valued). In a real basis, the kinetic terms of the ipa, Qa are invariant under a 0{d) 
transformation, where d is the dimension of the real representation p of the compact gauge group G 
(extended symmetry) under which the gravitini transform. In this section, G denotes the internal 
group (and not its Lie algebra). Therefore one can have the nontrivial periodicity conditions: 

i,{e + 2^)=g^{e) C(^ + 27r) = C(%~' (6.2) 
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where g is an arbitrary element of 0{d) and we made explicit just the 9 dependence of the fields. 
We can make, however, a change of variables in the functional integral tp = gxp , C = C9~^ which 
would leave the kinetic term form invariant. As a consequence g and g^^gg in ( |6.2D are equivalent 
and the boundary conditions depend really only on conjugacy classes of 0(d). Therefore the g in 
( |6.2| ) can be taken to be a generic element in the Cartan torus of SO{d) or one fixed matrix go in 
0(d) with determinant —1. 

We start analyzing the continuous, Cartan torus part. In the presence of the gauge couplings, 
0(d) is not anymore a symmetry. The continuous part is broken to G x F, G being the gauge 
group and F a residual "flavour" group. For the supergroups listed in Table 1 the flavour group 
exists just for SU{1, 1\2)/U{1) when it is SU{2). 

It is convenient to consider the fermionic fields in the Cartan basis of G, i.e. ^^ , (^^, where /I is a 
weight of the gauge group G in the representation p. In this basis the transformations ( |6.2| ) become 
phase transformations. In order to keep the lagrangian strictly periodic also the gauge fields B 
should acquire nontrivial periodicity conditions: the Kac-Moody algebra must be "twisted" |51]. 



These are best studied if we use the Cartan basis for the gauge fields, i.e., we expand the 
connection B in terms of the raising and lowering operators Eg and the operators in the Cartan 
subalgebra Hi i = 1, ..., r, a being roots and r the rank of the group G: 

B = B^Eg + BiHi (6.3) 

Then it is easy to see that the periodicity conditions which will leave the lagrangian single valued 
are: 

rpie + 27r) = exp{id.jl)rft{0) Q{9 + 2vr) = exp{id.fl)Q{e) (6.4) 

and 

B^{9 + 27r) = exp{ia.d)B^{e) Bf{9 + 27r) = B^{9) (6.5) 

where a has r continuous components. 
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In addition, for the SU{1, 1|2)/C/(1) case, when a flavour symmetry exists, there is an overaU 
L'^(l) phase transformation (the Cartan torus of the flavour group) affecting only the fermions: 

^Ppi9 + 27r) = exp{ib)ijp{e) Cp{0 + 2^) = expi-ib)C^ii9) (6.6) 

We discuss now the periodicity conditions related to the discrete element gQ . A necessary 
condition for the discrete operation go to be compatible with the gauging is that each gauge fleld 
acts in a real representation. In particular, when the group G is not simple, each component of p 
corresponding to a factor of G should be real. 

The action of the discrete element go on the fermions induces an action on the gauge flelds 
through the conjugation of the representation matrices. When d is odd, go can be taken propor- 
tional to the unit matrix and therefore commutes with the representation matrices and the gauge 
fields are not affected. This situation is realized for Osp{N\2;R) N = odd and G(3) in Table 1 
which could have therefore, "discrete twisted" boundary conditions for the fermions. When d is 
even the representation matrices are affected and the transformation is compatible with gauging 
if it corresponds to an outer automorphism of the group. This situation is realized only for the 
Osp{N\2; R) N = even case when the SO{N) group has a Z{2) automorphism: parity. Therefore 
among the superconformal algebras only Osp(N\2; R) for all N, and G{3) will have discrete twisted 
versions. 

The number of continuous parameters characterizing the algebra can be easily read off from 
Table 1 : 

[N/2] for Osp{N\2; R), 4 for F(4), 2 for G(3), N for SU{1, 1\N), 2 for SU{1, 1|2)/;7(1), M + 1 for 
Osp{4*\2M) and 2 for D{2,l;a). 

However, algebras having different values of the continuous parameters can be isomorphic. This 
feature, the "Spectral Flow", can be easily understood in the C-S framework. Indeed, we can make 
a change of variable from the flelds having nontrivial periodicity properties ( |6.4D , ( |6.5D , which have 
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an upper index a, to fields which are strictly periodic and which we denote without an index: 

V'^(^) = exp{ia.jie/2TT)iPfi{e) B%{e) = exp{ia.ae/2TT)B^{e) (6.7) 

We supplement ( |6.7D with a change of variable also for the fields B^ which were periodic: 

Bf{e) = B,{e)+ai/2TT (6.8) 

The change of variables (6.7), (|6.8| ) corresponds formally to a gauge transformation: 

u{e) = exp{ia.He /2Tr) (6.9) 



Since the gauge group element u is not periodic, as a gauge transformation ( |6.9| ) is not legal. 



Nevertheless we can use it as a change of variable which will leave the bulk part , Eq.(2.17), of the 
C-S action form invariant when expressed in terms of the unindexed, strictly periodic variables. 

The source term, Eq.( |6.lD , will not be invariant. The change can be easily calculated from 
the consistency requirement of the holonomy. Since through the change of variables an amount 
exp{ia.H /2tt) was removed from the holonomy, when written in terms of the unindexed variables 
the source term should have A — a/27r instead of A. 

Therefore all dependence on continuous parameters in the boundary conditions which can be 
related to the gauge group G is removable. It is obvious that a similar procedure for the continuous 
dependence related to the flavour symmetry or for the discrete boundary conditions would not 
apply. 

The above discussion can be used in a straightforward fashion to obtain properties of the su- 
perconformal algebras. As discussed in Section 3 the C-S fields become directly the generators of 
the algebras. Therefore the possible periodicity conditions of the generators of the superconformal 
transformations Q are identical to the conditions ( |6.4D of the gravitino fields once a Cartan basis is 
used. The accompanying periodicity conditions of the Kac-Moody generators B follow from the pe- 
riodicity conditions of the gauge fields ( |6.5| ). The enumeration given above of the possible boundary 
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conditions for the various C-S theories applies directly to the possible periodicities ( "moddings" ) 
of the generators in the corresponding superconformal algebras. 

Thus the change of variable removing dependences on continuous parameters gives the relation 
between algebras with different moddings, i.e. the spectral flow: 

Q'l(e) = exp{ia.fie/2'K)Qp{e) (6.10) 

B^{6) = exp{ia.ae/2TT)B^{e) Bf{9) = 30) + ai/27r (6.11) 

where we used the Cartan basis for the generators. 

The highest weight A"^ irrep of the algebra with modding "a", is mapped into an irrep with 
highest weight A of the Ramond (completely periodic) algebra. The weights are related by: 

\<^ = \ + a/2Ti (6.12) 

We remark that since the spectral flow involves only the fields carrying Kac-Moody quantum 
numbers, it wouldn't affect the part of the Virasoro generator coming from the sl{2) fields. The 
flow in the total Virasoro generator can be read off from the flow of the Sugawara part which was 
added to it, as discussed in Section 3. From the explicit Sugawara expression in terms of B and 



Eq. (6.11) we obtain the flow of the Virasoro generator L[6): 

L^{9) = L{e) + l/[7r(fc + h)] B{e).a + l/[ATT^{k + h)] a.a (6.13) 

Summarizing: besides the completely periodic (Ramond) modding for all the cases listed in 
Table 1 the superconformal algebras admit the following independent moddings: 

a) discrete twisted modding for the Osp{N\2;R) series (including the A^ = 2,3 and "large" 
A^ = 4 superconformal algebras studied before ) and G(3) . 

b) a modding depending on one continuous parameter for the SU{1, 1|2)[7(1) ( "small" A^ = 4) 
superconformal algebra. 

All the other moddings for all the algebras are related to the above by spectral flow. 
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7 Conclusions 

In this paper, we have analyzed in detail the AdS/CFT correspondence for extended supergravity 
in 2 + 1 dimensions. We have shown how the superconformal algebras with nonlinearities in the 
currents arise as asymptotic symmetry algebras. We have also shown that the dynamics of the 
asymptotic fields is controlled by the super-Liouville Lagrangian. 

The AdS/CFT correspondence enlightens the properties of the non-linear superconformal alge- 
bras and provides a systematic discussion of the spectral flow. 

We conclude by pointing out two questions that could be worth pursuing. First, it would be 
interesting to try to understand the mechanism of [E2| from a pure three-dimensional point of view 



(see |53| in this context). Second, one might extend the analysis to the AdS2/Super-conformal 



quantum mechanics along the lines of |54, 55, 56]. The extensions to the quasiconformal case (in 



the sense of |2^) and to Toda models (super VF-algebras) ||5^ could also be of interest. 
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Appendix 

In this appendix, we indicate where zero modes and holonomies arise in the derivation of the super- 
Liouville action from the supergravity action. We show in particular that 2-1-1 supergravity only 
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yields the ordinary super-Liouville Lagrangian modulo zero mode and holonomy terms, one striking 
difference being that the holonomies in the right and left sectors are independent in supergravity. 
The analysis sheds as a by-product some interesting light on the sign of the exponential term in 
the Liouville action. 

Since the subtleties arise already in the non-supersymmetric case, we shall drop the fermions 
in order to keep the formulas simple. Thus, our starting point is the action for ordinary gravity, 



S 



A, A 



^A/'^fr^+F' <*■'' 



SttGJ m 
where A and A are related to the dreibeins and the connection through ( |2.15 ) and ( |2.16| ). This 



action can be written as the difference between two s/(2,i?)-Chern-Simons actions. 



The first step follows the references [g, ^, 12] and consists in solving the Gauss constraints 



F-j = 0, F-j = {i,j spatial indices) in the bulk, taking into account the first set of boundary 
conditions ( [4.1[ ). We shall assume that the spatial sections have the annulus topology, as this is the 
case relevant to the black holes. As shown in H, the solution of the Gauss constraints is then 

Ae = g-'K{t)g + g''deg, (A.2) 

Ar = g-^drg (A.3) 

where g{t,r,6) is a sl{2,R) group element and where K{t) is a Lie-algebra element characterizing 
the holonomy. Under the transformation g(t,r,9) -^ a{t)g{t,r,6), K{t) is conjugated by a{t). 
Using this freedom, one can bring K{t) along a^ (the black hole holonomy is hyperbolic and we 
restrict therefore the analysis to this case), 

K{t) = K^(tf-^. (A.4) 

Similar formulas hold for the tilde sector. 

If one inserts the solution of the Gauss constraints inside the Chern-Simons action supplemented 
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by the surface term appropriate to the boundary conditions (4J), one gets 



s = s^ + s 



oo I nHor 



(A.5) 



where oo and Hor refer respectively to the outer and inner boundaries. We are interested here in 
the piece 8°^ describing the dynamics at infinity, given by 



S°^ = 1 + 1 



(A.6) 



with 



i[h{t,e),K{t)] 



47r 



dtde 



k_ 
k 



dtde 



Tr [h-^dehh-^dth] - TrE^ 
Tr {h-^K{t)dth 



9 ^drg{g ^dtgg '^dgg - g ^degg ^dtg^ . (A.7) 



+— / drdtdOTr 

Air 



Here, h{t, 0) is the value of g{t, r, 6) on the outer boundary (we assume that the r-dependent 
similarity transformation of subsection 3.2 has been performed, so that the fields have well-defined 
asymptotics) and 

Ee = h-^K{t)h + h'^deh (A.8) 

The holonomy K{t) appears also in the action S ^^ describing the dynamics at the inner boundary, 
but not h{t,9). Similarly, the action for the other chirality is 



I[h{t,e),K{t)] = — / dtde 



— / dtde 
2tt 



/ drdtdeTr 

47r 



Tr {-h~^dehh-^dth] - TrE'i 
Tr (h~^K{t)dth 



g ^drg[g ^dtgg ^deg-g ^degg ^dtg'j (A.9) 



with 



and 



Ee = h-^K{t)h + h-^dgh 



Kit) = K\t)- 



(A.IO) 



(A.ll) 
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At this point, one can proceed in two different ways. One can either first reconibine the two 
chirahties to get the vector WZW model (modulo holonomies and zero mode terms) and then, 
implement the Hamiltonian reduction enforced by the second set of constraints ( [4 .31) . This was the 
method followed in |12|. Alternatively, one can first implement the reduction constraints ( f4.3D and 



then discuss how to recombine the two (reduced) chirality sectors. This is the approach followed 
here. 

Consider first the untilde sector. Using the Gauss decomposition^ 

h = exp (acr~) exp (/3cr^) exp (70-+) (A. 12) 

one finds that the action takes the form 

I = - I dtde [d-(3d0(3 + dead^-/exp (2/3)] + - / dtd9Tr (h-^K{t)d-h^ -jf dt{K^f (A.13) 

with Tr {h^^K{t)d-h) given explicitly by 

Tr (h-^K{t)d-h}j = K^{t) [9_/3 - a9_7exp(2/3)] (A.14) 

while the constraint ( [4. 3D on the untilde current reads 

5eaexp(2/3) -aK^exp(2/3) = /i. (A.15) 

deP - -idea exp (2/3) + ^ + "7^^ exp (2/3) = (A.16) 

The first of these constraints enables one to express a in terms of K^ and /3; this can be verified by 
Fourier expansion of a and exp (—2/3); note the crucial role played by the holonomy, which must 
be non zero for the zero-mode part of the equation to make sense. The relationship between a and 
/? is non-local in 9. The second of these constraints can be rewritten as 

deP-fij + — = (A.17) 



The global aspects of the Gauss decomposition are discussed in 
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and enables one to express 7 in terms of K^ and /? (/x / 0) . 

Thus, one can completely get rid of a and (3. If one does so, one gets a reduced action 
I [P{t,9),K^{t)] that involves only P{t,9) and K^{t). Its expression is straightforward to work 
out but it is rather awkward and will not be given here. Suffice it to note that the X^-independent 
part of I^ is just the action for a free chiral boson |5£] 

/« = - / dtd9 [d-f3def3] + {K^ - terms) (A.18) 

vr J 

and does not contain /i (in particular, it is independent of the sign of /x). The (unwritten) piece 



involving K^ in ( A.18| ) is anyway incomplete since K^ occurs also in the action S^"'" describing 
the dynamics on the inner boundary. Similarly, the improved Virasoro generator is given by 

k 



L = 

27r 



{depy + dedep 



(A.19) 



(the minus sign is due to our conventions) and again, does not depend on fi. 
The same treatment can be worked out for the other chirality, yielding 

k 



m 



vr 



dtde 



d+PdeP +{K^- terms) 



(A.20) 



and 



2 = ± 

27r 



(dep)^ - dede(3\ . (A.21) 

The first term is again the action for a chiral boson, of opposite chirality. Note that the Hamiltonians 
for the chiral bosons (dropping holonomy terms) are both positive definite. 

One can now recombine the two chiralities. First, consider the solutions of the equations of 
motion. The chiral fields /3 and /3 depend on x"*" and x~ , respectively. Define 

d+Fd-F 



exp2ip 



(A.22) 



[1 - FF]2 

with d^F = exp (—2/3) and d-F = exp (2/3). It is easy to see that 99 is a solution of the Liouville 
equation 

d+d-if - exp 2ip = 0. (A.23) 
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If one makes the corresponding formal change of phase space variables 

ip = -i3 + ]3-\og\l-FF\, F' = exp(-2/3), F' = exp2/3 (A.24) 



one gets from the sum of the chiral actions for (/?, (3) the Liouville action ( |4.42| ) (with fermions 
and gauge fields dropped). Of course, the above transformation must be amended so as to be 
well-defined on the circle; this leads to additional terms in the super-Liouville action involving zero 
modes and holonomies, which are crucial (furthermore, we have not investigated the global features 
of the change of variables). Thus, the action coming from 2+1 gravity is not just the vector Liouville 
action, there are further zero modes and holonomy terms. In particular, the holonomies K^ and K^ 
are independent in 2+1 gravity. If the difference of the holonomies is an integer (i.e. the zero-mode 
conjugate to the difference is an angular momentum variable) the CFT on the boundary will still 
be local. We shall not discuss explicitly the extra terms here, because for practical purposes, it is 
more convenient not to recombine the chiralities and to regard the sum of the chiral actions (with 
the holonomy terms) as defining the Liouville model relevant to the asymptotic of 2 + 1 gravity^. 
In the case of supergravity models with different number of supersymetries in the right and left 
sectors, this is the only approach possible. 

Note that alternatively, we could have defined 

d+Fd-F , . , 

exp 2$ = ^^ A.26) 

[1 + FF]2 

The variable $ is a solution of the Liouville equation with standard sign, 

5+5_$ + exp 2$ = 0. (A.27) 



^Thus, in particular, the super-Liouville action given in the text does not fully describe 2+1 supergravity. The 
zero modes and holonomies are different. Nevertheless, deriving the super-Liouville action from 2+1 supergravity 
(up to zero modes) is useful since it enables one to get straightforwardly the superconformal transformation laws. 
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The corresponding phase space change of variables, famihar from the analysis of the standard 
Liouville model |6^, 0, ^ 



$ = _/3 + /5_log|l + FF|, F' = exp(-2/3), F' = exp2/3 (A.28) 

n. = ±.Lp'-i}'-'-H±ml^pRii\ (A,29) 

brings the action to the standard Liouville action. Of course, the zero modes and holonomies enter 
differently this time. But, up to these terms, we see that one can change the sign in front of the 
Liouville exponential in the action by a (non-local, real) change of variables. 
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